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1. INTRODUCTION 
A. Statement of the Problem 
On the arbitrary finite or infinite interval (a, 6) let p(z) be a nonnegative 
real-valued function of the real variable x with the property that all the mo- 
ments 
tq = 
J’ 
; p(x) xidx, i = 0, 1,2, ***, (1.1) 
exist, with 
a,, = 
1 
b p(x) dx > 0. U-2) 
a 
The fundamental existence theorem for orthogonal polynomials [l] states 
that there exists an infinite set of polynomials P,,(x), PI(x), Pz(x), * .. of degree 
0, 1, 2, *** in x, each unique to within a multiplicative constant, satisfying 
the orthogonality condition 
f)(x) P,(x) P,(x) dx = 1; o m’ n,I; ” 2’ “‘; m # % (1.3) 
, 
The polynomials P,,(x) are said to be orthogonal with respect to the weight 
function p(x) over the interval (a, b). 
The requirement that the value of the integral in (1.3) be different from 
zero is redundant for 
s 
b 
a P(X) P,“(x) dx > 0, (1.4) 
since p(x) > 0 on (a, b) and P,(x) is a polynomial. The reason for making 
the observation will become apparent in the ensuing discussion. 
* Present address: Minnemath Center, University of Minnesota, Minneapolis, 
Minnesota. 
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In this paper we will extend the notion of orthogonal polynomials to two 
sets of polynomials such that for a given weight function satisfying conditions 
analogous to (1 .I) and (1.2) the polynomials will satisfy an extension of the 
orthogonality condition (1.3). Specifically, we will investigate the conse- 
quences of requiring that polynomials in some arbitrary real polynomial Y(X) 
be orthogonal to polynomials in some other real polynomial s(x) with respect 
to a weight function p(x) over the interval (a, b). Since Y(X) and s(x) are poly- 
nomials in x, the polynomials in r(x) and s(x) are themselves polynomials in x. 
Two such sets of polynomials are said to be biorthogonal with respect to the 
weight function p(x) and the polynomials r(x) and s(x) over the interval (a, b). 
Given the polynomials Y(X) and s(x), a weight function p(x), and an interval 
(a, b), we will derive a necessary and sufficient condition for the existence of 
biorthogonal polynomials. We will establish a sufficient condition for the 
polynomials Y(X) and s(x) and the interval (a, b) which will ensure that 
biorthogonal polynomials exist for an arbitrary weight function satisfying 
conditions like (1 .I) and (1.2). Analogues of properties of all orthogonal 
polynomials will be derived for biorthogonal polynomials. Some less general 
results for particular forms of Y(X) and s(x) will also be obtained. 
B. Previous Related Results 
In 1951, L. Spencer and U. Fano introduced a particular pair of biortho- 
gonal polynomial sets in carrying out calculations involving the penetration 
of gamma rays through matter [2]. Spencer and Fano did not establish any 
general properties of biorthogonal polynomial sets, but essentially utilized 
the biorthogonality of polynomials in x and polynomials in x2 with respect 
to the weight function xce+, where c is a nonnegative integer, over the inter- 
val (0, co). 
In a 1958 doctoral dissertation [3], S. Preiser, acquainted with the work 
of Spencer and Fano, determined that apart from real linear transformations 
only one third-order differential equation of the type 
exists such that it has biorthogonal polynomial solutions of degree n in xm, 
and such that the reduced adjoint differential equation of (1.5) 
- (j44 4.4 %)” + 044 %4 %zY - (p(x) C(x) 4’ = 4zpb) %i , U-6) 
has biorthogonal polynomial solutions of degree n in x, n = 0, 1, 2, ... . In 
(1.5) and (1.6) the primes denote differentiation with respect to x; p(x) is a 
weight function having three continuous derivatives; A(x), B(x), C(x) are 
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functions of x independent of n; and A, is a parameter independent of x. X 
slightly extended version of Preiser’s thesis was published in February, 
1962 [4]. 
Preiser established that (1.5) and the reduced adjoint differential equation 
(1.6) have biorthogonal polynomial solutions in x and in x” provided that 
m = 2 and provided that the weight function P(X) is taken to be of the form 
xce-“, c > - 1. Preiser solved the differential equations leading to the poly- 
nomials of Spencer and Fano [2], in which m = 2, and exhibited some prop- 
erties of the polynomials. 
Specifically, Preiser established, for each of the two sets of biorthogonal 
polynomials, the existence of pure recurrence relations connecting four 
successive polynomials. He obtained contiguous relationships between the 
polynomials corresponding to c and c + 2. He also derived a generating 
function for the polynomials in x2. In solving the differential equation having 
the polynomials in x2 as solutions he was forced to assume c to be a non- 
negative integer. However, suitably interpreted, the polynomials can be 
shown to be solutions under the weaker restriction c > - 1. 
Prior to the publication of Preiser’s paper, I. WI. Sheffer, unaware of the 
work of Spencer, Fano, and Preiser, proposed the application of the notion 
of biorthogonality to polynomial sets, the determination of the conditions 
under which pairs of biorthogonal polynomial sets exist, and the comparison 
of the properties of biorthogonal polynomials with properties of orthogonal 
polynomials. In this paper, we present some results in these directions. 
C. Basic Dejinitions and Notation 
DEFINITION (1.1). Let Y(X) and s(x) be real polynomials in x of degree 
h > 0 and k > 0, respectively. Let R,(x) and S,(x) denote polynomials of 
degree m and n in r(x) and s(x), respectively, then R,(x) and S,(x) are polyno- 
mials of degree mh and nk in x. The polynomials r(x) and s(x) are called basic 
polynomials. 
NOTATION (1.1). Let [&(x)1 denote the set of polynomials R,(x), R,(x), 
R,(x), ... of degree 0, 1,2, ... in r(x). Let [S,(x)] denote the set of polynomials 
S”(X), &(x)9 S,(x), ... of degree 0, 1, 2, ... in s(x). 
DEFINITION (1.2). The real-valued function p(x) of the real variable x 
is an admissible weight function on the finite or infinite interval (a, b) if all 
the moments 
Ii,9 = 
s 
b p(x) [r(x)Ii [s(x)]i dx, i, j = 0, 1, 2, ... (1.7) 
a 
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exist, with 
I,,0 = s 
b p(x) dx # 0. W3) 
a 
The integrals li,j are generalizations of the moments (~l~ in (1.1). From 
(1.7) it follows that if the integrals I,,j exist, i, j = 0, 1, 2, .“, then the 
integrals 
I 
b 
a ~(4 xi& i = 0, 1,2, *.* 
exist. 
For orthogonal polynomials it is customary to require that p(x) be non- 
negative on the interval (a, b). This requirement is necessary for the estab- 
lishment of certain properties of orthogonal polynomials. To obtain analogues 
of these properties for biorthogonal polynomials, we will find it necessary 
to require that p(x) be either nonnegative or nonpositive, with I,,, # 0, on the 
interval (a, b). 
DEFINITION (1.3). The polynomial sets [&(x)1 and [S,(X)] are biortho- 
gonal over the interval (a, b) with respect to the admissible weight function 
p(x) and the basic polynomials r(x) and S(X) provided the orthogonality 
conditions 
J,n,n = j:p(x) &(x) S,(x) dx = [$I; n,=_O’,l’ 2’ “” m =+ n’ (1.9) 
are satisfied. 
The orthogonality conditions (1.9) are analogous to the requirements (1.3) 
for the orthogonality of a single set of polynomials. Following (1.3) it was 
pointed out that the requirement that the integral be different from zero for 
m = n was redundant. The requirement in (1.9) that Jn,n be different from 
zero is not redundant. Polynomial sets [&(x)1 and [S,(x)] exist such that 
Jw = 1; o, 
m, n = 0, 1, ..=, k; m # n, 
m = n = 0, 1, *.., k - 1, 
and Jk,k = 0. 
DEFINITION (1.4). If the leading coefficient of a polynomial is unity the 
polynomial is called manic. 
Finally, we introduce notation for a determinant which is important in the 
development of biorthogonal polynomials. 
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NOTATION (1.2). Let d, denote the determinant 
1 0.0 zo.1 ... zo,n-1 
1 4.1 1,o ... zl,n--l / 
I. I,-,,, in-,,, *-* L,n-1 
If p(x) is an admissible weight function then d, = I,,, # 0. 
2. GENERALPROPERTIES OF BIORTHOGONAL POLYNOMIALS 
A. Equivalent Conditions for Biorthogonality 
It is convenient to have equivalent conditions for biorthogonality. In the 
following theorem we establish such conditions. 
THEOREM 2.1. Ifp(x) is an admissible wezght function over the interval (a, b) 
and ;f the basic polynomials Y(X) and s(x) are such that for n = 0, 1,2, ... 
s bp(x)[r(x)]Un(x)dx=f$O j;,o’;2’*‘*‘n-1’ a , , 
and 
f/(x) [s(x)]jRm(x) dx = 1; o, j =?$‘f’ **.’ m - ” 
then 
I 
b 
/(x)RJx)S,(x)dx=/$O m’n=;1’2’**“mfn’ 
, > 
(2.1) 
(2.2) 
(2.3) 
and, conversely, when (2.3) holds then both (2.1) and (2.2) hold. 
PROOF. If (2.1) and (2.2) hold, then constants, c,,~ , j = 0, 1, .a-, m, 
c,,,, # 0, exist such that 
R,(x) = fg Gn,ir+>lj* 
j=O 
If m < n, then 
1” P(X) &z(x) sn(X) dx = 1” P(X) ~GAY(JEII &a(X) dx a a j=O 
= 2 f%*j 
j-0 J b P(X) a bwl j S&) dx. 
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In virtue of (2.1), 
vanishes except when j = n = m. 
If  m > n, then constants dnSi , j = 0, 1, ..., n, d,,, # 0, exist such that 
4d4 = 2 4z,i[Wj, 
i=o 
and the argument is completed as in the case m < n. 
We now assume that (2.3) holds, then constants emSi andf,,i exist such that 
b+V = 2 e,,&(x>, i=o 
and 
ww = ~fn,is,(X). 
i=O 
IfO<j<n, then 
1” p(x) [+)li S,(x) dx = /I P(X) $ e,,&(x) &Lx) dx 
a i=O 
= 2 e,,i r P(X) IW &(x) dx. 
i=O a 
I f  i = 0, 1, 2, ..., j,j < n, each integral on the right side is zero since (2.3) 
holds. If  j = n, the integral on the right side is different from zero. Therefore, 
(2.1) holds. In like manner, we can establish (2.2). 
COROLLARY 2.1. If (2.1) and (2.2) hold, then 
s b p(x) S,(x)Fn-,(x) d  = 0, a j-” a~(x) &n(x) Gdx) dx = 0, 
where F,-,(x) and G&x) are arbitrary polynomials of degree not exceeding 
n - 1 and m - 1 in the polynomials r(x) and s(x), respectively. 
B. A Necessary and Su$icient Condition for the Existence of 
Biorthogonal Polynomials 
In the case of orthogonal polynomials, given a weight function p(x) and an 
interval (a, b) such that (1 .I) and (1.2) hold, then there exists a unique set of 
polynomials P,(x) which are orthogonal with respect to p(x) over the inter- 
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val (a, b). In the case of biorthogonal polynomials the basic polynomials, 
the weight function and the interval cannot be arbitrary but must be chosen 
such that the determinant A,, is different from zero for n = 1, 2, 3, ‘.. 
THEOREM 2.2. Given the basic polynomials r(x) and s(x) and an arbitrary 
admissible weight function p(x) on the interval (a, b), polynomial sets [&(x)1 
and [&(x)1 satisfying the biorthogonality requirement (2.3) exist if and only if 
the determinant A, is dijferent from zero for n = 1, 2, 3, ..’ . Moreover, the 
polynomials are unique, each to within a multiplicative constant. 
PROOF. It is convenient to use the equivalent conditions (2.1) and (2.2) 
in place of (2.3). Coefficients c,,, , cn,r , ..., c,,, and d,,O, d,,, , ..., d,,, , 
with c,,,d,., # 0, are required such that for n = 0, 1, 2, ... 
1; = P(x) 2 ~n,iW)l~ b(41~ dx 1; j 0, 1, 2, **a, n - 1, = o, 
j = n, (2.4) 
and such that 
1” p(x) 2 d&s(x)]i [r(x)]j = 1: o, ’ i”:.” ‘**’ n - ” (2.5) 
a i-0 
In terms of the moments Ii,j , requirements (2.4) and (2.5) may be written 
and 
(2.6) 
(2.7) 
The first n requirements of (2.6) constitute a system of n linear equations 
in the n unknowns c~,~/c~,~ , ~~,r/c~,~ , ..., c,,,-r/c,,, The system will have 
a unique solution if and only if the coefficient determinant, which is precisely 
A, , is different from zero. 
The first n requirements of (2.7) constitute a system of n linear equations 
in the n unknowns dJdn,n, d,,l/d,,n, ..* d,,,+Jd,,% The determinant of 
this system is the transpose AZ of A, and is nonzero if and only if A, is non- 
zero. Therefore, if A, # 0, n = 1, 2, 3, ..., then polynomials can be found 
which satisfy the first n requirements of both (2.6) and (2.7). Moreover, the 
polynomials are unique, each to within a multiplicative constant. 
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The (n + 1)st requirements of (2.6) and (2.7) must now be examined. 
The (n + 1)st requirement of (2.6) is that 
If we replace c,,~ by its value as determined from the solution of the system 
of B. equations the left side of (2.8) is c,,,/A, times the determinant A,,, . 
Therefore, if (2.8) is to be satisfied the determinant A,+1 must be different 
from zero for n = 1, 2, 3, ... . In like manner, the (n + l)st requirement for 
(2.7) leads to the requirement that 
Multiplication of the polynomials R,(x) and S,(x) by constants, which are 
not necessarily the same for every value of n, does not affect the satisfaction 
of requirements (2.6) and (2.7). In conclusion, a necessary and sufficient 
condition for the existence of biorthogonal polynomials is that the determi- 
nants A, be different from zero for n = 1, 2, 3, ... . 
In regard to the basic polynomials r(x) and s(x), it is clear that the biorthog- 
onal polynomials determined by the basic polynomials r(x) + p and s(x) + V, 
where p and v are constants, are identical because of the orthogonality of 
R,(x) and S,(X) with respect to the constants S,(x) and Ro(x), respectively. 
The left side of (2.8) is J&dnsn . The left side of (2.9) is J&d,,, . There- 
fore, we may state the following corollary. 
COROLLARY 2.2. 
A n+1 = 
&=fi Jc . 
%,n n,n d +1 w&i 
(2.10) 
I f  the polynomials R,(x) and S,(x) are taken to be manic then cd,? = dj,j = 1, 
j = 1, 2, 3, .‘.) and (2.10) becomes 
A n+l = fi Jj.i * (2.11) 
j=l 
At this point it is easy to obtain, for the polynomials in each of the sets 
[&WI and [Zb91, d e t erminant expressions analogous to those for orthogonal 
polynomials [ 11. 
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C. Investigation of Suficient Conditions which ensure 
the Existence of Biorthogonal Polynomials 
The determinant A, depends upon the moments Ii,j, which, in turn, 
depend upon the basic polynomials r(x) and s(x), the weight function p(x) 
and the interval (a, b). It is natural to attempt to determine sufficient con- 
ditions which ensure that A, # 0, n = 1, 2, 3, ... . In this direction, partial 
results will be obtained. 
First, we consider the case r(x) = xh, s(x) = xlc, where h and k are positive 
integers. We assume that the function p(x) is admissible and either non- 
negative or nonpositive on (a, b) and seek conditions on h and k which 
guaranteethatA,#O,n=1,2,3;... 
The determinant A, is given by 
I IO.1 0,o **. IOJ-1 
A, = $0 ‘is1 *** 1;,,-1 , n = 1, 2, 3, .**, (2.12) . . . . 
L.0 z-1.1 *-* L,,-1 
where the moments Ii,j are given by 
b 
Iisj = 
s 
p(x) xhixkjdx, i, j = 0, 1,2, **a . (2.13) 
a 
In the first row of (2.12) we let the variable of integration be xi , in the second 
row of (2.12) we let the variable of integration be xs , etc.; then A, may be 
written as the n-tuple integral 
p(xJ a-9 p(x,) det I dx, .-. dx, , 
where 
detI = 
i* 
1 5 
k . . . X(n-l)k 
1 
X2h x hx k 
. . . 
2 2 
x hX(n-1)k 
2 2 
. . . : 
&-l)h Xin-lmX k . . . Xbz-l)h X(n-l)k 
78 n n n n 
(2.14) 
Factoring out xifi-ljh from the ith row, i = 1, 2, 3, *.., n, we get 
A,= b... 
I I 
’ p(xl) *-- p(x,) det Kdx, a*- dx, , (2.15) 
a a 
SOME PROPERTIES OF BIORTHOGONAL POLYNOMIALS 251 
where 
det K = 
1 xlk . . . Xp-l)k 
1 X2k *.- 2 Xh-l)k 
I i ; . . . : / 
1 xnk . . . x~-l,k / 
By permuting the indices 1, 2, ..., n in all possible ways in (2.15), we obtain 
n! - 1 additional expressions equal to A, . After interchanging the rows 
of the new determinants so as to obtain the determinant in (2.15) and paying 
due attention to sign, the sum of the n! expressions for A, is 
d,=S*...I*P(XI)...~(~n)detHdetK~~...dJc., (2.16) 
a a 
where 
det H = 
1 Xlh . . . Xp4M 
1 X2h **- 2 X("-l)h 
. . . . . . . . 
i x) . . . xi-i)h 
The determinants Hand K under the integral sign in (2.16) are Vadermonde 
determinants whose factorization is well-known. Applying the factorization, 
we obtain 
b 
n!A, = 
I I 
“’ b@(xl) 
a a 
In examining (2.17) it is convenient to consider cases. 
(2.17) 
CASE 1: h = k. If h and K are equal then the products in (2.17) are 
identical, the integrand is nonnegative or nonpositive depending upon the 
parity of 71 and the sign of p(x) on (a, b). The integral, therefore, is not zero 
andA,#O,n=1,2,3, .... 
In this case the two biorthogonal polynomials sets are identical and are 
actually orthogonal polynomials in xh with respect to the weight function 
p(x) over the interval (a, b). 
CASE 2: h and k both even. If h and k are both even, the product 
n (Xi” - Xjh) n (Xi” - xjk) 
i<j i-a 
(2.18) 
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may be written 
P(Xi ) Xj) n (Xi” - Xj2)2, 
2 ij 
where P(x, , q) consists of factors which are sums of only even powers of 
xi and xi . Therefore, the integral is not zero and n!d, f  0, n = 1, 2, 3, ‘.. . 
CASE 3: h and k both odd. If  h and k are both odd, the factors xih - xjh 
and xik - xjk each have the same sign as xi - xj regardless of the signs of xi 
and xj . The product (2.18) is positive, the integral is not zero and again 
A,, # 0, n. = 1, 2, 3, ... . 
In Case 2 and in Case 3, the determinants d, are different from zero 
regardless of how the interval (a, b) is situated with respect to the origin and 
whether or not the interval is finite or infinite provided only that p(x) is 
nonnegative or nonpositive on (a, b) and provided that the moments I,,j exist. 
I f  the interval (a, b) does not contain the origin as an interior point then 
A, # 0, n = I, 2, 3, ... even if h + k is odd. This is established in Case 4 
which follows. 
CASE 4: h + k odd, 0 < a < b or a < b < 0. Suppose that h + k is 
odd and that zero is not interior to (a, b). Let h be even and let k be odd, then 
the product 
n (Xi” - Xi”) 
i<j 
may be written 
where Q(xi , xj) is positive. Also the product 
n (Xi” - Xj”) 
icj 
may be written 
Q*(% 3 4 n (Xi - 4, i<j 
where Q*(xi , xi) is positive. Therefore, the product (2.18) may be written 
faxi > 4 Q,*(% , 4 rJ (Xi - Xj)” (Xi + Xj). i<j 
SOME PROPERTIES OF BIORTHOGONAL POLYNOMIALS 253 
Zero is not interior to (a, b), therefore, each of the factors (xi + xi) is of the 
same sign, the factors (xi - xi)” are nonnegative, and again the integral is 
different from zero for n = 1, 2, 3, ... . 
An argument along similar lines can be given to establish the result in the 
case where h is odd and k is even. 
If the interval (a, b) contains zero as an interior point and if h + K is odd 
the question remains as to whether or not A, # 0. In order to settle the ques- 
tion it is convenient to consider finite and infinite intervals separately. 
CASE 5: h + K odd, (a, b) finite, a < 0 < b. We will show that given an 
arbitrary finite interval (a, b) containing the origin as an interior point it is 
always possible to find an admissible weight function p(x) for which A, = 0. 
If A, == 0, then A, = 0 for n > 2, and biorthogonal polynomials will not 
exist. The determinant A, is merely the moment I,,, , which is different from 
zero if p(x) is admissible. 
We now show how to obtain an admissible function p(x) for which A, = 0. 
For p(x) we take 
where ml and ms are to be specified. We seek to establish the existence of 
m, < 0 and ms > 0 for which A, = 0. The integrals Ii,i are integrals of 
polynomials over a finite interval and exist. If m, < 0 and m2 > 0, 
then p(x) > 0, except at x = 0, and I,,, # 0. Therefore, p(x) 
admissible. 
The determinant A, is equal to 
which may be written 
A, = /” p(x) dx 1” p(x) xh+lcdx - f$) x’“dx /‘P(x) xhdx. 
a a a 
Substituting for p(x), (2.20) becomes 
m,xdx + s: m,xdx 1 1 s: mlxhfk+ldx + sl msxh+k+ldx 1 
IS 
b 
s 
b b b 
- m,xk+ldx + m2xk+ldx m,xA+ldx + mgA+ldx . 
a a a s a I 
will be 
(2.20) 
(2.21) 
409-17 
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After integrating and simplifying, we obtain 
,$kah+“+4 
A’ = (m2)2 1 2(k + 2)(k+2)+ k + 2) 
2 
-[ 
&-k + bhth a”b” + &bh 
2(h + k + 2) - (h + 2) (k + 2) 
] a2b2 (21 
hkbh+k+4 
+ 2(h + 2) (k + 2) (h + k +2). I . 
In (2.22) the coefficient of (rn+~,)~ is negative since a < 0 and h + k + 4 is 
odd. In (2.22) the last term is positive since b > 0. By Descartes’ Rule of 
Signs, regardless of the sign of the middle term, there is one positive ratio 
ml/m, for which A, = 0. Since m,lm, = 0 is not a zero of A, , the second 
ratio for which A, = 0 must be negative; that is, m, < 0 and m2 > 0 exist 
for which A, = 0. It follows from (2.10) that A,, = 0 for 7t > 2. Therefore, 
no biorthogonal polynomials sets can be found for the p(x) given in (2.20) 
with m, and m2 satisfying A, = 0. 
CASE 6: h + k odd, (a, b) infinite, zero interior to (a, b). If the interval 
(a, b) is (- co, oo), then A, = 0 for any p(x) which is even and such that 
the moments Ii,i exist. 
Next, we consider an interval of the type (a, co), a < 0. The argument for 
an interval of the type (- CO, b), b > 0, is similar. We wish to exhibit an 
admissible weight function P(X) for which A, = 0. For this purpose, we will 
consider the function e+, and show that c > 0 exists for which A, = 0. 
Clearly, for c > 0 the moments l,,j exist, since the integrals 
s 
m 
e-cxxidx 
a 
exist for i = 1, 2, 3, a+., and &, = e-at/c # 0. Therefore, for c > 0 p(x) will 
be admissible. 
We proceed as in Case 5. We have 
A, = ,/“r e-czdx sr e-Csxh+kdx _ ,r e-cxxhdx 1: e-ezXkdX 
=e-ac 
i II C -&$ [(UC)“‘” + (h + k) (a~)~+~-~ + ..a + (h + k)!] 1 
- g [(a~)~ + h(ac)h-1 + .a. + h!] 1 
I 
X 2 [(UC)” + k(u)“-’ + ... + k!]/ . 
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After simplifying, we get 
e2a0A2ch+k-2 = hk(a~)~+~-~ + .*. + [(h + k)! - h!k!]. (2.23) 
We wish to show that c > 0 exists such that the right side of (2.23) vanishes 
if h + K is odd. 
The right side of (2.23) may be written 
hkah+k-v+k-2 + .** + [(h + k)! - h!k!]. (2.24) 
The coefficient of ch+k-2 is negative since h > 0, k > 0, a < 0 and h + k - 2 
is odd. Also the last term in (2.24) is positive. Therefore, since the exponent 
h + k - 2 is odd, there exists at least one positive value of c for which A, = 0. 
We summarize the preceding work in the theorem which follows. 
THEOREM 2.3. Given an interval (a, b), an admissible weight function p(x) 
which is either nonnegative or nonpositive on (a, b), and basic polynomials 
r(x) = xh, s(x) = xk, where h and k are positive integers, then unique biorthog- 
onal polynomial sets exist if h f  k is even. Also, if h + k is odd and if zero 
is not interior to the interval (a, b) then unique biorthogonal polynomials sets 
will exist. 
Theorem 2.3 can be extended to basic polynomials more complicated 
than monomials. 
THEOREM 2.4. Let Y(X) and s(x) be polynomials such that tither r’(x) nor 
s’(x) vunishes interior to (a, b). If p( x is any admissible weight function which ) 
is either nonnegative OY nonpositive on (a, b), then A,, # 0, n = 1, 2, 3, ... ; 
that is, unique biorthogonal polynomial sets exist. 
PROOF. We proceed as in the proof of Theorem 2.3 and obtain for the 
product n!A, the n-fold integral 
’ p(xl) --a p(x,J rl[ [r(xf) - Y(xJ] [s(xJ - s(xj)] dx, **. dx, . (2.25) 
i<i 
Each factor r(xJ - r(x,) may be written as the product (xi - x,) Y(X~ , xi), 
where, since Y’(X) # 0, r(xi , xj) does not vanish for a < xi , xj < b. In like 
manner, each factor s(xJ - s(x,) may be written (xi - x3) s(xl , xi), where 
s(xi, xi) does not vanish for a <xi, xi < b. Therefore, the integrand in 
(2.25) is equal to the product. 
It follows immediately that n!A, # 0, n = 1,2,3, *.* . 
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D. Zeros of Biorthogonal Polynomials 
Snother general property of biorthogonal polynomials, provided the 
weight function is admissible and is either non-negative or nonpositive on 
(a, 6) is the possession of n simple zeros interior to (a, h) for basic polyno- 
mials r(x) and s(x) whose first derivatives do not vanish interior to (a, b). 
In the case of orthogonal polynomials all n zeros of P,(x) are real, simple and 
interior to (a, b) provided the weight function is of one sign over (a, b) [l]. 
In the case of biorthogonal polynomials, as a polynomial in x, R,(x) may have 
as many real zeros as the product of n and the degree of r(x). We will show 
that of all the real zeros of R,(x) precisely n are interior to (a, 6) and are 
simple interior to (a, 6). In like manner, by interchanging the roles of R,(x) 
and S,(x) in the proof, we can show that n of the real zeros of .!Jx) will be 
interior to (a, b) and simple. 
THEOREM 2.5. If  the admissible weight function p(x) is either nonnegative 
OY nonpositive on the interval (a, b), and if neither of the derivatives Y’(X) nor 
s’(x) vanishes interior to (a, b), then the polynomials R,(x) and S,(x) each possess 
n simple real xe-ros interior to (a, b). Any remaining zeros are exterior to (a, b). 
PRZOF. The proof will be given for the polynomials R,(x). We consider 
the integral 
i 
b 
aP(4 R&4 dx, (2.26) 
where p(x) is of one sign over the interval (a, 6) and I,,, # 0. If  n > 0, then, 
by orthogonality, the integral in (2.26) vanishes. It follows that the polynomial 
R,(x) changes sign at least once interior to (a, 6). Therefore, R,(x) has at 
least one zero interior to (a, b). 
The polynomial R,(x) cannot have more than n zeros interior to (a, b) 
since we may write 
RJX) = C&Y - YJ (Y - Y2) ... (Y - Y,) 
= cnJx - x1) Y1*(x - x2) Y2* ‘.. (x - x,) r,*, Gl.72 f  0, 
where, in virtue of the hypothesis that Y’(X) does not vanish interior to (a, 6) , 
the product Y,*Y,* ... Y,* # 0 interior to (a, b). 
We suppose that R,(x) changes sign at x1 , x2 , ..., xq. , q < n, interior to 
(a, b), then x1 , xs , ..., x, are the zeros of odd multiplicity of R,(x) interior to 
(a, 6). Let the multiplicity of xi , x2 , ..., x, be CQ , (~a , ..., Us , respxtively, 
then (pi + os + ... + oa < n, and R,(x) may be written 
k(x) = (x - xl)(I’ (x - x2)02 *** (x - x,)“Q”*, 
where R* is of one sign interior to (a, b). 
(2.27) 
SOME PROPERTIES OF BIORTHOGONAL POLYNOMIALS 257 
We now form the polynomial 
Gab) = fi b(x) - 441 
i-l 
of degree q in S(X). By orthogonality, if q < n, 
b 
(2.28) 
(2.29) 
On the other hand, G,(x) may be written 
G,(x) = (x - x1) sl*(x - x2) s2* .+. (x -x,&*, (2.30) 
where the product sl*sB* *.. su* + 0 interior to (a, b) since, by hypothesis, 
s’(x) f 0 interior to (a, b). In (2.29) we replace RJx) and G,(x) with the 
right sides of (2.27) and (2.30), respectively, to obtain 
Cb p(x) fi (X - xi)‘*’ fi si*R*dx, 
Ja i=l i=l 
(2.31) 
which is not zero, since 1 + (TV is even, i = 1, 2, 3, “., q, si* f  0 on (a, b) 
and R* is of one sign interior to (a, b). But this is contrary to (2.29). There- 
fore, u1 + o2 + ... + ag must be equal to n, each cri must be unity; that is, 
R,(x) has n zeros interior to (a, b) and the zeros are simple. 
The identical proof with the roles of R,(x) and S,(x) interchanged goes 
through for the polynomials SJx). 
E. Existence of Pure Recurrence Relations 
We close the work on general properties of biorthogonal polynomials 
with the establishment of the existence of pure recurrence relations for 
certain basic polynomials. For orthogonal polynomials it is known [l] that a 
pure recurrence relation always exists connecting three successive poly- 
nomials. 
In the case of biorthogonal polynomials there appears to be no correspond- 
ing simple relation. Recurrence relations connecting three or more successive 
polynomials can be found for certain basic polynomials r(x) and s(x). The 
utility of the recurrence relation in obtaining properties of orthogonal 
polynomials does not carry over into the case of biorthogonal polynomials. 
In general, the existence of pure recurrence relations for biorthogonal poly- 
nomials is unknown except for the basic polynomials included in the following 
theorem. 
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THEOREM 2.6. If  the basic polynomials Y(X) and s(x) are such that s(x) is a 
polynomial w(x) of degree q in Y(X), and ;f biorthogonal polynomial sets [Rn(x)] 
and [S,(x)] are Known to exist for an admissible weight function p(x) over the 
interval (a, b), then there exist pure recurrence relations of the form 
and 
44 R,(x) = 2 ~&i(x), (2.32) 
n-1 
n+1 
44 &(x) = 2 bdi(xh 
n-q 
each connecting q + 2 successive polynomials. The coeflcients an,< and bn,i 
are functions of n but not of x. 
PROOF. The polynomial R%(x) is of degree n in the basic polynomial Y(X). 
The polynomial w(x) is of degree q in Y(X). Therefore, the product w(x) R%(x) 
is of degree n + q in Y(X), and constants anei exist such that 
n+q 
W(X) &t(x) = z %,&i(x)* (2.34) 
i-0 
Multiplying through (2.34) by p(z) S,(x) and integrating over (a, b), we 
obtain, in virtue of orthogonality, 
where 4.j is given by (1.7). 
The product W(X) Sj( x is a linear combination of Sj+r(x), Sj(x), ..., S,,(x) ) 
and R,(x) is orthogonal to w(x) Sj(x) forj + 1 < n. It follows that %,j = 0 
for j = 0, 1,2, ‘.+, n - 2, and the sum in (2.34) need extend only from n - 1 
to n + q; that is, a recurrence relation of the form (2.32) exists connecting 
q + 2 successive polynomials R,(x). 
To establish (2.33) we consider the product w(x) L!&(X), which is a polyno- 
mial of degree n + 1 in the basic polynomial s(x). Therefore, constants b,,i 
exist such that 
n+1 
44 &(x) = 2 bdi(4. (2.36) 
i=O 
Multiplying through (2.36) by p(x) Rj(x) and integrating over (a, b), we 
obtain 
s b P(X) 44 R,Xx) 44x1 dx = b,J,,, 3 a (2.37) 
where Ijmj is given by (1.7). 
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The product W(X) Ri( x is a linear combination of R&x), Rj+p-l(~), .*. , ) 
R,(x). By orthogonality, W(X) Rj( x is orthogonal to S,(x) for j + 4 < 71. It ) 
follows that b,,, = 0 for j = 0, 1, 2, *.*, n - 4, and the sum in (2.36) need 
extend only from 12 - q to n + 1; that is, a recurrence relation of the form 
(2.33) exists connecting q + 2 successive polynomials &(x). 
For q = 1, the polynomials obtained are simply orthogonal and the recur- 
rence relations will connect three successive polynomials, which is the correct 
number. 
By equating coefficients of like powers of r(x) in (2.32) we can obtain the 
coefficients a n,j in terms of the coefficients of the polynomials R,(X). I f  we let 
and substitute for J&(x) in (2.32), we get 
(2.39) 
The coefficient of [r(zc)p+* on the left side of (2.39) is c,,, . On the right 
side of (2.39) the coefficient of [Y(x)]~+* is bn,lE~lL+o,IE+p . Equating coefficients 
and solving for u~,~+*, we get 
a an n n.n+q = ---!---. 
cn+q nw 
(2.40) 
The coefficient of [r(x)]“+“-l on the left side of (2.39) is c,,~-~ . The coef-, 
ficient of [Y(x)]“++~ on the right side of (2.39) is 
a, .n+a-lCn+P-l,n+P-1 + %n+&n+an+~-1 * (2.41) 
Substituting into (2.40) for %,,+, and solving (2.41) for s,,+,+i , we obtain 
1 
a, .n+q-1 = 
Cn+cz-1.n+a-1 I 
Cn.n-1 - 
c.nGa+,,n+,-1 
cnfQ.n+l 
(2.42) 
This process, if continued, will yield all q + 2 coefficients in the recurrence 
relation (2.32). The coefficients b,,j in recurrence relation (2.33) can be 
found by the same procedure. 
3. REMARKS 
In addition to the general properties of biorthogonal polynomials, various 
properties of the particular biorthogonal polynomials determined by 
Y(X) =x, s(x) = xk, p(x) = x%?-2, c>-1, (4 4 = (0, a), (3.1) 
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where k is a positive integer, have been obtained. The basic polynomials x 
and xk are natural selections. The weight function and interval are those of 
the generalized Laguerre polynomials. The results, which include pure 
recurrence relations, mixed recurrence relations, contiguous relations for the 
polynomials corrresponding to c and c $ k, and differential equations (of 
order k + l), reduce to those of Spencer, Fano, and Preiser for k = 2 and 
include many of the properties of the Laguerre polynomials for k = 1. 
Details of these results will be reported in a paper now under preparation. 
Finally, with regard to general results, a quadrature formula can be derived 
for the basic polynomials Y(X) = x, s(x) = x2 for a nonnegative admissible 
weight function over a finite interval (a, b) not including zero as an interior 
point. In deriving the formula it is necessary to extend the Lagrange inter- 
polation formula and to generalize the Christoffel numbers. 
It can be shown that if f(x) is a continuous function of x on the closed 
interval [a, b] then, given E > 0, there exists N, such that for all n > N, , 
I Wf) I -c E, where 
(3.2) 
The numbers H,., and Hn,-i are defined by 
in which 
w(x) = fi (x2 - Xj”). 
j-1 
The numbers xi ,j = 1, 2, 3, *.., n are the rz real simple zeros of the biorthog- 
onal polynomial of degree n in x2 which are interior to the interval (a, b). 
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